ABSTRACT. Let 2G be the graph consisting of two disjoint copies of G. We prove that every graph of the form 2H can be transformed to every other graph of the form 2K using the following operations: (v) and uv is present.
INTRODUCTION
A sequence of integers D = d 1 ≤ · · · ≤ d n is graphic if it is the degree sequence of a simple graph. A 2-switch in a simple graph G is the replacement of a pair of edges xy and zw in G by the edges yz and wx, given that yz and wx were not present in G originally. One motivation for this paper is the following theorem sometimes attributed to Berge [1] , but essentially proven by Havel [5] and Hakimi [4] independently.
Theorem 1.1. If G and H are simple graphs with vertex set V , then d G (v) = d H (v) for every v ∈ V if and only if there is a sequence of 2-switches that transforms G into H.
An application of such a result to analyze the design and dynamic operation of lightwave networks, like traffic patterns can be found in [2] .
The odd set of a graph G is the set of integers k such that G has an odd number of vertices of degree k. The switch operation is the addition or deletion of an edge whose endpoints have the same degree. Graphs H and H are switch equivalent if there is a sequence of switches transforming H to H . Note that a necessary condition for H and H to be switch equivalent is that they have the same order and odd sets. Let G + G = 2G denote the graph consisting of two vertex disjoint copies of G. † , AND PRASAD TETALI ‡ Chen et al. [3] proved that two graphs with the same order and odd sets can be obtained from each other by switches and 2-switches. They also proved, by construction, that this is not true if only the switch operation is allowed, thereby answering a conjecture of McCanna [6] negatively. In fact, [3] suggests the question of which pairs of graphs H, H with the same order and odd sets are switch equivalent, and proves that the graphs H, H are switch equivalent if each has at least three more isolated vertices than its maximum degree.
In this paper, we prove that G and G are switch equivalent if they have the same order and odd sets, and G = 2H and G = 2K for some H, K. Thus in our result both G and G can be quite dense, but they must have a special structure, namely that each consists of two copies of some other graph. 
OUTLINE OF THE PROOF
In this section we give the proof of Theorem 1.2 while deferring the proof of a key lemma to Sections 3-5.
Let H and H be two copies of the same graph and let G = H + H . Suppose for a contradiction G is a counterexample to the theorem. We may choose G to be minimal with respect to the number of edges, and among all such graphs we choose the one that minimizes the number of vertices. Let d 1 , . . . , d n be the different values for the degrees of the vertices of H. Without loss of generality we can assume
By minimality of the number of vertices we know that H has no isolated vertex so d 1 > 0. Partition the vertices of H into sets V 1 , . . . , V n so that all vertices of V i have degree d i . Observe that deleting an edge with both endpoints in the same set V i corresponds to a switch. It follows by minimality of the number of edges that each set V i is a stable set. Similarly, we partition the vertices of H into stable sets V 1 , . . . , V n . Throughout this paper when we talk about minimum counterexample we mean a graph G = H + H with stable sets V 1 , . . . , V n and V 1 , . . . , V n with the properties described above.
We say that a sequence of switches is restricted to a subset of edges if only edges in that subset are added or removed. We say that a sequence of switches is restricted to a subset of vertices if it is restricted to edges with both endpoints in that subset. For a positive integer n, we write [n] for {1, . . . , n}. The key to proving Theorem 1.2 is the following lemma.
Key Lemma. Let G be a minimal counterexample. Then there exists integers k, r, m 
Observe that since all switches are restricted to 
has the same degree now as in K. Since all the switches used to construct K from G were restricted to the set S and to edges distinct from uu we can repeat each of these switches in the reverse order. At the end remove the edge vv if it is present. The resulting graph is the graph obtained from G by removing edges uv and u v , a contradiction to the minimality of the counterexample.
For the proof of this result only the cardinality of the stable sets V i , the number of edges between V i (i ∈ [n − 1]) and V n , and the degrees d 1 , . . . , d n are needed. This information is captured by the object we define next. Let J be a star with vertices x 1 , . . . , x n (n ≥ 2) and edges x i x n for all i ∈ [n − 1]. We associate two positive integers s i , d i with every vertex x i . We also associate a positive integer † , AND PRASAD TETALI ‡ w i with every edge x i x n . We say that the 4-tuple (J, s, d, w) is an SDW-star if the following relations hold: In the previous remark Relation (2.1a) is trivially satisfied, (2.1b) follows from the fact that V n is a stable set, and (2.1c) follows from the fact that H is simple. The following result implies Lemma 2.1.
Lemma 2.3. Let (J, s, d, w) be an SDW-star. Then there exists
j ∈ [n − 1] such that (2.2) s j ≥ d j+1 − d j + 1.
Moreover, if j is the smallest such integer, then
Summing all these inequalities we obtain
To complete the proof it suffices to show that n−1 i=j w i > 0, as this implies that j < n, and hence the relation (2.2).
Suppose for a contradiction that
But then the lower and upper bound on d n imply d 1 = 0, a contradiction to (2.1a).
SWITCHES
In this section we describe various constructions using switches for the proof of the Key Lemma.
Lemma 3.1. Let K be a graph, let T ⊆ S ⊆ V (K), and let the subgraph K[S] induced by S be a perfect matching M . Let K be obtained from K by adding all T, S − T -edges. Suppose that (i) all vertices of S have the same degree in
K, (ii) |e ∩ T | ≡ 0(mod2) for every edge e = {v, v } in M .
Then there exists a sequence of switches, restricted to both S and E(S)
Proof. See Appendix.
Applying Lemma 3.1 yields the following two similar results. Before stating them, we need the following setup. 
Proof. See Appendix. 
In the proof of the Key Lemma, constructions (similar to that of Lemma 3.1) are iterated several times. This requires a generalization of Lemma 2.3 which is presented in Section 4. Finally the Key Lemma is proved in Section 5.
SDW-STARS
Our objective in this section is to prove the following result which we use later on. 
We first show that the above proposition implies Lemma 4.1, and then we prove the proposition. Thus we may assume n ≥ 3. Consider (J, s, d, w) and let j be smallest integer for which (2.2) holds. If j = n−1 then (2.2) is the same as (4.3) (with k = j = n−1 and thus l = k). Moreover, also by Lemma 2.3 we have w n−1 > 0, which completes the proof in this case. Thus we will assume j ≤ n−2. Let J be the star with vertices x 1 , . . . , x j−1 , x j+1 , . . . , x n and edges x i x n for each i ∈ [n − 1] − {j}. Define s i to be equal to s i if i ∈ {j, j + 1} and equal to s j + s j+1 if i = j + 1. Define w i to be equal to w i if i ∈ {j, j + 1} and equal to w j + w j+1 if i = j + 1. Define d i to be equal to d i if i ∈ {j, j + 1} and equal to d j if i = j + 1 (note that s j , w j , d j are not defined).
Claim: (J , v , d , w ) is an SDW-star.

Proof of Claim: Clearly, (2.1a) holds, as (J, s, d, w) is an SDW-star. Since
is satisfied. Note that w j+1 = w j + w j+1 ≤ s j s n + s j+1 s n = s j+1 s n , thus relation (2.1c) is also satisfied.
End of Claim
Let σ be the function defined as follows: σ(l) = l + 1 if l = j − 1 and σ(j − 1) = j + 1. It follows from the claim and by induction that there exists k ∈ [n − 1] − {j} such that for all l = j with k ≤ l < n,
In particular, when l = k we obtain 
PROOF OF THE KEY LEMMA
Proof of the Key Lemma. Let G = H + H be a minimum counterexample. Let us writeV i for V i ∪ V i . Let us apply Lemma 4.1 to both H and H and add both corresponding inequalities. We obtain that there exist integers k, m with 1 ≤ k ≤ m < n such that for all integers l with k ≤ l ≤ m,
Define S l = ∪ l i=kV i . By Lemma 4.1 we also know that S l is a stable set, and that there are edges uv ∈ E(H) and u v ∈ E(H ) where u, u ∈V r for some r with k ≤ r ≤ m and v, v ∈V m+1 . We need the following claim, which we prove subsequently, to complete the proof of the key lemma. † , AND PRASAD TETALI ‡ Claim: For every l with k−1 ≤ l ≤ m there exists a sequence of switches, restricted to S l and restricted to edges distinct from uu , such that the resulting graph G l has two subsets of vertices X, Y ⊆ S l where |X|, |Y | are both even with the following properties: Since
As r ≥ k > l − 1 we do not need to check (d). This completes the base case. Assume now the claim holds for some l with k − 1 ≤ l < m, and let X , Y be the corresponding sets of G l . We will find sets X, Y in a graph G l+1 which satisfy properties (a)-(d) for l + 1. We will denote these properties by (a')-(d') to distinguish them from the corresponding statement for l.
Proof of Sub claim:
Since by induction (b) holds for X , Y ,
Moreover, because of (*) with l + 1 this last expression is at least 
End of Sub claim; proof of Claim continued:
Case 1 r > l, i.e. u,
End of Claim
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